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The varieties of intersections of lines and




We denote by XF the hypersurface in Pn defined by a homogeneous polynomial
F ∈ C[x0, . . . , xn] of degree d, and denote by G the set of all lines in Pn. Let 1 ≤ m ≤
d+ 1. Then the set
YF,m = {(p, L) ∈ Pn ×G | L and XF intersect at p with the multiplicity ≥ m}
form a projective variety, whose defining equations are given by using the higher deriva-
tive of F (Theorem 2.1). For a general hypersurface XF , the projective variety YF,m
is smooth of dimension 2n −m − 1 (Theorem 3.2). The purpose of this research is to
characterize some geometric properties of XF by using the Hodge structure of YF,m. In
this paper, we give a method to describe the Hodge cohomologies of YF,m by the Jaco-
bian rings, which is a generalization of the theory of Jacobian ring for a hypersurface
in Pn by Griffiths [2]. Using this method, we study the injectivity of the infinitesimal
period map for YF,m (Theorem 6.2). In the case n = d = 3, we also yield a Torelli type
theorem for the map XF 7→ YF,3 (Proposition 6.5). The full-detailed version with all
proofs of this article will be appeared somewhere.
§ 2. Varieties of intersections
Let Pn be a complex projective space of dimension n, and let V = H0(Pn,OPn(1)).
We denote by P = Grass (n, V ) the Grassmannian variety of all n-dimensional subspaces
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in V , and denote by SP (resp. QP) the universal sub (resp. quotient) bundle on P. We
have an exact sequence
0 −→ SP −→ OP ⊗ V −→ QP −→ 0.
Then P is naturally identified with Pn, and QP is identified with the tautological line
bundle OPn(1). We denote by G = Grass (n− 1, V ) the Grassmannian variety of all
(n − 1)-dimensional subspaces in V , and denote by SG (resp. QG) the universal sub
(resp. quotient) bundle on G. We have an exact sequence
0 −→ SG −→ OG ⊗ V −→ QG −→ 0.
We remark that a point in G corresponds to a line in Pn. Let p1 : P ×G → P and
p2 : P ×G → G be the projections. We denote by Γ the subvariety of P ×G defined
as the zeros of the composition
p∗2SG −→ OP×G ⊗ V −→ p∗1QP.
Then Γ is the flag variety of all pairs (p, L) of a point p ∈ Pn and a line L ⊂ Pn
containing the point p. By the first projection φ = p1|Γ, the subvariety Γ is considered
as the Pn−1-bundle
φ : Γ = Grass (n− 1,SP) = P(SP) −→ P.
By the second projection pi = p2|Γ, the subvariety Γ is considered as the P1-bundle
pi : Γ = Grass (1,QG) = P(QG) −→ G.
We denote by Qφ the universal quotient bundle of the Grassmannian bundle φ : Γ→ P.
We have exact sequences
0 −→ pi∗SG −→ φ∗SP −→ Qφ −→ 0
and
0 −→ Qφ −→ pi∗QG −→ φ∗QP −→ 0.
Note that Qφ is an invertible sheaf. We define a decreasing filtration
Symd pi∗QG = Fil0 Symd pi∗QG ⊃ · · · ⊃ Fild+1 Symd pi∗QG = 0
on the d-th symmetric product of pi∗QG, as Film Symd pi∗QG being the image of the
natural homomorphism
SymmQφ ⊗ Symd−m pi∗QG −→ Symd pi∗QG.
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Let F ∈ Symd V . We denote by XF the hypersurface in P defined as the zeros of the
section [F ]P ∈ H0(P, SymdQP) which is the image of F by the natural isomorphism
Symd V ' H0(P, SymdQP).
We denote by YF,m the subvariety in Γ defined as the zeros of the section [F ]Γ,m ∈
H0(Γ, Symd pi∗QG/Film Symd pi∗QG) which is the image of F by the natural homo-
morphism
Symd V ' H0(Γ, Symd pi∗QG) −→ H0(Γ,Symd pi∗QG/Film Symd pi∗QG).
We denote by ZF the subvariety in G defined as the zeros of the section [F ]G ∈
H0(G,SymdQG) which is the image of F by the natural isomorphism
Symd V ' H0(G,SymdQG).
Then a point in ZF corresponds to a line which is contained in XF . Let L be a line in
Pn, and let p be a point on L. The fiber of the line bundle Qφ at the point (p, L) ∈ Γ
is naturally identified with the kernel of the restriction
H0(L,OPn(1)|L) −→ H0(p,OPn(1)|p).
Hence, L and XF intersect at p with the multiplicity ≥ m if and only if the pair (p, L)
represents a point in YF,m. We have a diagram
P
φ←− Γ pi−→ G⋃ ⋃ ⋃




φ(YF,d) ←− YF,d −→ pi(YF,d)⋃ ⋃ ⋃
φ(YF,d+1)←− YF,d+1 −→ pi(YF,d+1) =ZF .
The morphism φ|YF,1 : YF,1 → XF is the Pn−1-bundle
P(SP|XF ) = P(Ω1P ⊗QP|XF ) −→ XF .
If XF is a smooth hypersurface, then φ|YF,2 : YF,2 → XF is the Pn−2-bundle
P(Ω1XF ⊗QP|XF ) −→ XF .
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The morphism pi|YF,m : YF,m → pi(YF,m) is generically finite for 1 ≤ m ≤ d, and the
morphism pi|YF,d+1 : YF,d+1 → ZF is the P1-bundle
P(QG|ZF ) −→ ZF .
We remark that the isomorphism
σ : Symd pi∗QG/Film Symd pi∗QG ∼−→ Symd−m+1 φ∗QP ⊗ Symm−1 pi∗QG
is induced by the homomorphism
Symd pi∗QG−→ Symd−m+1 φ∗QP ⊗ Symm−1 pi∗QG;
A1 · · ·Ad 7−→ 1d!
∑
σ∈Sd [Aσ(1) · · ·Aσ(d−m+1)]P ⊗Aσ(d−m+2) · · ·Aσ(d),
where [A]P ∈ Symj φ∗QP denotes the image of a local section A ∈ Symj pi∗QG, and Sd
denotes the permutation group of the index set {1, . . . , d}.
For F ∈ Symd V , we define the tensor Fk ∈ Symd−k V ⊗ Symk V by
Fk =





∂xi1 · · · ∂xik−1
⊗ xi1 · · ·xik−1 ,
which does not depend on the choice of the basis (x0, . . . , xn) of V .
Theorem 2.1. The subvariety YF,m in Γ is defined as the zeros of the section
Fm ∈ Symd−m+1 V ⊗ Symm−1 V ' H0(Γ, Symd−m+1 φ∗QP ⊗ Symm−1 pi∗QG).
§ 3. Smoothness and connectedness
Since the variety YF,d+1 is a P1-bundle over ZF , the following theorem is directly
induced from the results in [1, Theorem 8] and [5, Chapter V. 4].
Theorem 3.1. Assume d ≥ 1.
(1) If d ≥ 2n− 2, then YF,d+1 is empty for general F ∈ Symd V \ {0}.
(2) If d ≤ 2n− 3, then YF,d+1 is non-empty for any F ∈ Symd V \ {0}.
(3) If d ≤ 2n − 3, then YF,d+1 is smooth of dimension 2n − d − 2 for general F ∈
Symd V \ {0}.
(4) If d ≤ 2n− 4 and (d, n) 6= (2, 3), then YF,d+1 is connected for any F ∈ Symd V \{0}.
For 1 ≤ m ≤ d, we have the following theorem.
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Theorem 3.2. Assume 1 ≤ m ≤ d.
(1) If m ≥ 2n, then YF,m is empty for general F ∈ Symd V \ {0}.
(2) If m ≤ 2n− 1, then YF,m is non-empty for any F ∈ Symd V \ {0}.
(3) If m ≤ 2n − 1, then YF,m is smooth of dimension 2n − m − 1 for general F ∈
Symd V \ {0}.
(4) If m ≤ 2n− 2, then YF,m is connected for any F ∈ Symd V \ {0}.
In the case when XF is a cubic hypersurface in Pn, the variety YF,m is smooth of
dimension 2n−m− 1 if and only if XF is smooth.
If YF,m is smooth of dimension 2n−m− 1, then we can compute some topological
invariants of YF,m. For example, if m = d = 2n − 1, then dimYF,m = 0, and we can
compute the number of the points of YF,m by Schubert calculus;
n = 1, m = d = 1 =⇒ ]YF,m = 1.
n = 2, m = d = 3 =⇒ ]YF,m = 9,
n = 3, m = d = 5 =⇒ ]YF,m = 575,
n = 4, m = d = 7 =⇒ ]YF,m = 99715,
· · ·
for general F . Similarly, if d = 2n− 3, then dimZF = 0 and we have
n = 2, d = 1 =⇒ ]ZF = 1.
n = 3, d = 3 =⇒ ]ZF = 9× 3 = 27,
n = 4, d = 5 =⇒ ]ZF = 575× 5 = 2785,
n = 5, d = 7 =⇒ ]ZF = 99715× 7 = 698005,
· · ·
for general F , that is known in [3]. When dimYF,m = 1, we can compute the genus
g (YF,m) of YF,m. For example, if m = d = 2n− 2, then dimYF,m = 1 and we have
n = 2, m = d = 2 =⇒ g (YF,m) = 0.
n = 3, m = d = 4 =⇒ g (YF,m) = 201,
n = 4, m = d = 6 =⇒ g (YF,m) = 75601,
n = 5, m = d = 8 =⇒ g (YF,m) = 39001985,
· · ·
for general F .
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§ 4. Jacobian rings
We denote by




the polynomial ring bi-graded by deg xi = (1, 0) and deg zj = (0, 1). We define homo-
morphisms δ and ε by















Let V be the (n + 1)-dimensional vector space as in Section 2. For F ∈ Symd V , we
have a bi-homogeneous polynomial F1 ∈ Sd,0 by considering x0, . . . , xn as a basis of V .
We set the bi-homogeneous polynomial Fk by
Fk = δk−1(F1) ∈ Sd−k+1,k−1
for k ≥ 1. We define the bi-graded ring SF,m by
SF,m = S/(Fk; 1 ≤ k ≤ m),




· xj + ∂Fm
∂zi
· zj ; 0 ≤ i ≤ n, 0 ≤ j ≤ n
)












SF,m−1 → RF,m factors through SF,m. We set
Sa,b,cF,m = Ker (ε
c : Sa,bF,m −→ Sa+c,b−cF,m ).
In the following, we describe the relation between these rings and the variety YF,m. We
denote by TΓ (resp. TYF,m) the tangent bundle of Γ (resp. YF,m). Then we have the
exact sequences
0 −→ OΓ −→ φ∗S∨P ⊗ pi∗QG −→ TΓ −→ 0,
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where S∨P denotes the OΓ-dual of SP. If YF,m is smooth of dimension 2n−m− 1, then
we define the coherent sheaf Nm of OYF,m−1 -modules by
Nm = Coker (TYF,m−1(− log YF,m) −→ TΓ|YF,m−1).
Then we have an exact sequence
0 −→ OYF,m−1 −→ (Symd−m+1 φ∗QP ⊗ Symm−1 pi∗QG)|YF,m−1 −→ Nm −→ 0.
Using Lemma 5.5 in the next section, we have the following proposition.
Proposition 4.1. If YF,m is smooth of dimension 2n−m− 1, then
H0(YF,m−1,Nm) ' Sd−m+1,m−1F,m
for 1 ≤ m ≤ n− 1.
We remark that the composition
V ∨ ⊗ pi∗QG −→ φ∗S∨P ⊗ pi∗QG −→ TΓ −→ Nm
induces the homomorphism
V ∨ ⊗ V ' V ∨ ⊗H0(Γ, pi∗QG)−→H0(YF,m−1,Nm) ' Sd−m+1,m−1F,m ;
x∨i ⊗ xj 7−→ ∂Fm∂xi · xj + ∂Fm∂zi · zj ,
where x∨0 , . . . , x
∨
n denotes the dual basis of x0, . . . , xn. Using Lemma 5.6 in the next
section, we have the following theorem.
Theorem 4.2. If YF,m is smooth of dimension 2n−m−1, then there is a natural
injective homomorphism
ρ : Rd−m+1,m−1F,m −→ H1(YF,m−1, TYF,m−1(− log YF,m)),
and it is an isomorphism for m ≤ n− 2.
We set the integers α(n,m, d, q) and β(n,m, q) byα(n,m, d, q) = md−
m(m−1)
2 − n− 2 + q(d−m+ 1),
β(n,m, q) = m(m−1)2 − n+ q(m− 1).
Since Ω2n−mYF,m−1(YF,m) is isomorphic to
(Symα(n,m,d,0) φ∗QP ⊗ Symβ(n,m,0)Qφ)|YF,m−1 ,
using Lemma 5.5 in the next section, we have the following theorem.
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and it is an isomorphism for m ≤ n− 1.





The following theorem is proved by the similar way as Theorem 4.2, by using the
exact sequence
0→ Ω2n−m−1YF,m−1 (log YF,m)→ TΓ|YF,m−1 ⊗ Ω2n−mYF,m−1(YF,m)→ Nm ⊗ Ω2n−mYF,m−1(YF,m)→ 0.
Theorem 4.4. If m(m−1)2 = n and YF,m is smooth of dimension 2n − m − 1,
then there is a natural injective homomorphism
γ1 : R
α(n,m,d,1),β(n,m,1)
F,m −→ H1(YF,m−1,Ω2n−m−1YF,m−1 (log YF,m)),
and it is an isomorphism for m ≤ n− 2.
§ 5. Computation of cohomology
In this section, we enumerate several lemmas, which is used in the proof of theorems
in Section 4. For simplicity of notations, we set the invertible sheaf OΓ(p, q) on Γ by
OΓ(p, q) =

Symp φ∗QP ⊗ SymqQφ (p ≥ 0, q ≥ 0),
Symp φ∗QP ⊗ Sym−qQ∨φ (p ≥ 0, q < 0),
Sym−p φ∗Q∨P ⊗ SymqQφ (p < 0, q ≥ 0),
Sym−p φ∗Q∨P ⊗ Sym−qQ∨φ (p < 0, q < 0),
and we set QrG = Sym
r pi∗QG for r ≥ 0. For a sheaf E of OΓ-modules, we set E(p, q) =
E ⊗ OΓ(p, q).
Lemma 5.1. Assume r ≥ 0.
H0(Γ,QrG(p, q)) = Ker (ε
r+1 : Sp,q+r → Sp+r+1,q−1).
Lemma 5.2. Assume q ≤ 0 and r ≥ 0.
(1) Hj(Γ,QrG(p, q)) = 0 for 1 ≤ j ≤ n− 2.
(2) When n ≥ 2, if q ≥ −n+ 1 or p+ r ≤ −2, then Hn−1(Γ,QrG(p, q)) = 0.
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Lemma 5.3. Assume q ≤ 0.
(1) Hj(Γ, TΓ(p, q)) = 0 for 1 ≤ j ≤ n− 3.
(2) When n ≥ 3, if q ≥ −n+ 1 or p ≤ −2, then Hn−2(Γ, TΓ(p, q)) = 0.
Lemma 5.4. Assume q ≤ 0 and r ≥ 0.
(1) H1(YF,m,QrG(p, q)|YF,m) = 0 for 1 ≤ m ≤ n− 3.
(2) If q ≥ n2−7n+82 or p+ r ≤ (n− 2)d− n
2−5n+10
2 , then
H1(YF,n−2,QrG(p, q)|YF,n−2) = 0.
Lemma 5.5. Assume r ≥ 0.
(1) H0(YF,m,QrG(p, q)|YF,m) ' Ker (εr+1 : Sp,q+rF,m → Sp+r+1,q−1F,m ) for 1 ≤ m ≤ n− 2.
(2) If min {q, 0} ≥ n2−5n+42 or p+ r +max {q, 0} ≤ (n− 1)d− n
2−3n+6
2 , then
H0(YF,n−1,QrG(p, q)|YF,n−1) ' Ker (εr+1 : Sp,q+rF,n−1 → Sp+r+1,q−1F,n−1 ).
Lemma 5.6. Assume q ≤ 0.
(1) H1(YF,m, TΓ(p, q)|YF,m) = 0 for 1 ≤ m ≤ n− 4.
(2) If q ≥ n2−9n+142 or p ≤ (n− 3)d− n
2−7n+16
2 , then
H1(YF,n−3, TΓ(p, q)|YF,n−3) = 0.
§ 6. The case n = 3
In this section, we consider a hypersurface XF in P3. Then YF,1 is a P2-bundle
over XF . If XF is a smooth hypersurface, then YF,2 is a P1-bundle over XF . If d ≥ 4,
then YF,4 is a smooth algebraic curve of genus 31d3 − 158d2 + 186d + 1 for general
F . If d ≥ 5, then dimYF,5 = 0 and ]YF,5 = 5d(d − 4)(7d − 12) for general F . In
the following, we study the variety YF,3. If YF,3 is smooth, then YF,3 is an algebraic
surface of the square of the first chern class c21 = 2d(3d− 8)2 and the second chern class
c2 = 2d(11d2 − 48d+ 54).
Proposition 6.1. If the variety YF,3 is smooth of dimension 2, then the mor-
phism φ|YF,3 : YF,3 → XF is the double covering branched along BF , where BF is the








By the results in Section 4, we have natural injective homomorphisms







F,3 −→ H1(YF,2,Ω2YF,2(log YF,3)).
By the similar way, we have a natural surjective homomorphism
R7d−18,2F,3 ' H1(YF,2,Ω3YF,2(YF,3)⊗ Ω2YF,2(log YF,3)) −→ H1(YF,2, TYF,2(− log YF,3))∨.
Since the multiplication map
S3d−8,0F,2 ⊗R4d−10,2F,3 −→ R7d−18,2F,3
is surjective, we have the following theorem.
Theorem 6.2. If d ≥ 3 and YF,3 is smooth of dimension 2, then the homomor-
phism
H1(YF,2, TYF,2(− log YF,3)) −→ HomC (H0(YF,2,Ω3YF,2(YF,3)),H1(YF,2,Ω2YF,2(log YF,3)))
is injective.
We consider the period map
ψ :M −→W ; [XF ] 7−→ [H3(YF,2 \ YF,3)],
where M denotes the set of isomorphism classes of hypersurfaces XF in P3 such that
YF,3 is smooth, and W denotes the set of isomorphism classes of Hodge structures of
weight 2. By Theorem 6.2, the differential dψ of the period map ψ at a general point
in M is injective, where we remark that the sets M and W have geometric structure.
Now we have a natural question of Torelli type.
Question 6.3. For smooth surfaces XF1 and XF2 in P
3, if there is an isomor-
phism H3(YF1,2 \ YF1,3) ' H3(YF2,2 \ YF2,3) as Hodge structures, then is there an iso-
morphism XF1 ' XF2 as algebraic varieties?
§ 6.1. The case d = 3
We assume that d = 3. If YF,3 is smooth, then YF,3 is a minimal algebraic surface
with the geometric genus pg = 4, the irregularity q = 0 and the square of the first chern
class c21 = 6. Such algebraic surfaces are classified by Horikawa, and YF,3 is called of
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type Ib in [4]. For F ∈ S3,0, the cubic surface XF is smooth if and only if YF,3 is a
smooth surface. If XF is a smooth cubic surface, then XF contains 27 lines, which
means that ]ZF = 27. Hence YF,4 is a disjoint union of 27 rational curves, which are
(−3)-curves in YF,3.
Proposition 6.4. If XF is a smooth cubic surface, then BF has at most nodes
as its singularities. A point p ∈ XF is a node of BF if and only if there are three lines
in XF which contains the point p.
Since the morphism φ|YF,3 : YF,3 → P3 is the canonical map for d = 3, we have the
following proposition.
Proposition 6.5. For smooth cubic surfaces XF1 and XF2 , there is an isomor-
phism XF1 ' XF2 if and only if there is an isomorphism YF1,3 ' YF2,3.
In the case when d = 3, the Hodge structure H2(XF ) is trivial, but the Hodge
structure H3(YF,2\YF,3) is not trivial. Hence the Question 6.3 is particularly interesting
in this case.
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